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a b s t r a c t
Acyclic coloring problem is a specialized problem that arises in the efficient computation
of Hessians. A proper edge coloring of a graph G is called acyclic if there is no 2-colored
cycle in G. The acyclic edge chromatic number χ ′a(G) of G is the least number of colors in an
acyclic edge coloring of G. Alon et al. conjectured that χ ′a(G) ≤ ∆(G)+ 2. In this paper, we
consider the sufficient conditions for the planar graphs satisfying χ ′a(G) ≤ ∆(G) + 1 and
χ ′a(G) = ∆(G).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
All graphs considered are finite, simple and undirected and any undefined notions follow that of Bondy and Murty
[3]. We use V (G) and E(G) to denote the vertex set and the edge set of a graph G. A proper k-coloring of G is a mapping
φ : V (G) → {1, 2, . . . , k} such that φ(x) 6= φ(y), whenever x and y are adjacent in G. A proper vertex coloring of a graph
G is called acyclic if there is no 2-colored cycle in G, in other words, the union of any two color classes induces a subgraph
of G that is a forest. The acyclic chromatic number of G introduced in [8], denoted by χa(G), is the least number of colors in
an acyclic vertex coloring of G. In 1979, Borodin [4] proved Grünbaum’s conjecture that every planar graph is acyclically
5-colorable. This bound is best possible. Moreover, there are bipartite 2-degenerate planar graphs that are not acyclically
4-colorable [10]. Acyclic coloring problem has attractedmore andmore attention since Coleman et al. [6,7] identified acyclic
coloring as the model for computing a Hessian via a substitution method.
Similarly, an acyclic k-edge-coloring of G is a mapping φ : E(G) → {1, 2, . . . , k} such that no pair of adjacent edges are
colored with the same color and there is no 2-colored cycle in G. The acyclic edge chromatic number of G, denoted by χ ′a(G), is
the least number of colors in an acyclic edge coloring of G. Acyclic edge coloringwas introduced by Alon et al. in [1], and they
proved that χ ′a(G) ≤ 64∆(G). Molloy and Reed [11] showed that χ ′a(G) ≤ 16∆(G) using the same method. Let g(G) denote
the girth (length of the shortest cycle) of the graph G. It was shown that χ ′a(G) ≤ 6∆(G), if g(G) ≥ 9, and χ ′a(G) ≤ 4.52∆(G),
if g(G) ≥ 220 by Muthu et al [12]. In 2001, Alon, Sudakov and Zaks [2] gave the following conjecture.
Conjecture 1.1. ∆(G) ≤ χ ′a(G) ≤ ∆(G)+ 2 for all graphs G.
It is obvious that χ ′a(G) ≥ ∆(G) for any graph G, and χ ′a(G) ≥ ∆(G) + 1 for any connected regular graph G. It is easy to
determine χ ′a(G) if ∆(G) ≤ 2. Burnstein [5] showed that χa(G) ≤ 5 if ∆(G) = 4. Since any acyclic vertex coloring of the
line graph L(G) is an acyclic edge coloring of G and vice versa, this implies that χ ′a(G) = χa(L(G)) ≤ 5 if ∆(G) = 3. Hence
Conjecture 1.1 is true for ∆(G) ≤ 3. In [2], this conjecture was proven true for almost all ∆(G)-regular graphs, and for all
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∆(G)-regular graphs G whose girth (length of the shortest cycle) is at least c∆(G) log∆(G) for some constant c. Recently,
Hou et al. [9] obtained some results on the acyclic edge colorings of planar graphs.
Theorem 1.2. If G is a planar graph, then χ ′a(G) ≤ max{2∆(G)− 2,∆(G)+ 22}.
Theorem 1.3. If G is a planar graph with girth g(G) ≥ 5, then χ ′a(G) ≤ ∆(G)+ 2.
Theorem 1.4. If G is a planar graph with girth g(G) ≥ 7, then χ ′a(G) ≤ ∆(G)+ 1.
Theorem 1.5. If G is a planar graph with girth g(G) ≥ 16, then χ ′a(G) ≤ ∆(G).
Wemainly consider the edge acyclic coloring of planar graphs with large girth and obtain the following results.
Theorem 1.6. Let G be a planar graph with girth g and maximum degree∆. if
(1) g ≥ 6, or
(2) g ≥ 5 and∆ ≥ 11, then χ ′a(G) ≤ ∆(G)+ 1.
Theorem 1.7. Let G be a planar graph with girth g and maximum degree∆. if
(1) ∆ ≥ 4 and g ≥ 12, or
(2) ∆ ≥ 5 and g ≥ 10, or
(3) ∆ ≥ 6 and g ≥ 8, or
(4) ∆ ≥ 12 and g ≥ 7, then χ ′a(G) = ∆(G).
LetG be a planar graph.We use F(G) to denote the set of faces ofG. For a face f ∈ F(G), we use b(f ) to denote the boundary
walk of f and write f = [u1u2 . . . un] if u1, u2, . . . , un are boundary vertices in the cyclic order. Repeated occurrences of a
vertex are allowed. The degree of a face f , denoted by d(f ), is the number of edge-steps in its boundary walk. A vertex (or a
face) of degree k is called a k − vertex (or k − face). We write an ≥ k − vertex (or ≥ k − face) for that of degree at least k,
and an≤ k− vertex (or≤ k− face) for that of degree at most k. Let φ be an edge coloring of G. We say color φ(uv) appears
on vertex v for any edge uv ∈ E(G). For any vertex v ∈ V (G), let φ(v) = {φ(uv)|u ∈ N(v)}. In Sections 2 and 3, we give the
proofs of our main results.
2. The proof of Theorem 1.6
Let G be a minimal counterexample in terms of the number of edges to Theorem 1.6. Hou et al. [9] gave the following
Lemma.
Lemma 2.1. For any vertex v of G,
(i) if v is a 2-vertex, then v is not adjacent to a 2-vertex.
(ii) if v is a 3-vertex and v is adjacent to a 2-vertex, then each other neighbor of v is≥4-vertex.
(iii) if d(v) = d, where d ≥ 4, then v is adjacent to at most (d− 2) 2-vertex.
Based on the above Lemma, we can obtain the following Claim.
Claim 2.1. For any vertex v of G
(i) if v is a 3-vertex, then v is not adjacent to a 2-vertex.
(ii) if d(v) = 3 and u1, u2, u3 are neighbors of v, then d(u1)+ d(u2)+ d(u3) ≥ ∆+ 4.
(iii) if d(v) = d ≥ 4 and v is adjacent to a 2-vertex, then v is adjacent to a≥ (∆+ 3− d)-vertex.
Proof. Let k = ∆(G)+ 1 and L be the color set {1, 2, . . . , k} for simplicity.
(i) Otherwise, suppose that v is adjacent to a 2-vertex u. By Lemma 2.1(ii), we can assume that∆(G) ≥ 4. Thenwewill get
an acyclic edge coloring ofGwith k colors and this contradictionwill complete the proof. Suppose that other vertices adjacent
to v is w, x, u1 is the neighbor of u different from v. Let G
′ = G− uv. Since G is a minimal counterexample to Theorem 1.6,
G
′
has an acyclic edge coloring φ with colors from L. Assume that φ(vw) = 1 and φ(vx) = 2. If φ(uu1) /∈ {1, 2}, color uv
with a color from L different from 1, 2, φ(uu1) and we get an acyclic edge coloring of G with k colors. Thus, φ(uu1) = 1 or
φ(uu1) = 2. Without loss of generality, assume that φ(uu1) = 1. If there exists a color α ∈ L such that α /∈ {2, φ(w)},
we can color uv with α and get an acyclic edge coloring of G with colors from L. So we know that φ(w) = {1, 3, 4, . . . , k}.
Furthermore, there are {1, i}-path from u to v , where 3 ≤ i ≤ k (otherwise, we can color uv properly, which avoids 2-
colored cycle), which implies that φ(u1) = {1, 3, 4, . . . , k}. If i /∈ φ(x), where 3 ≤ i ≤ k, recolor uu1 with color 2 and color
uv with color i and also get an acyclic edge coloring of G with colors from L. Thus, we have φ(x) = {2, 3, 4, . . . , k}. Since
there is a {1, 3}-path fromw to u, there must not exist a {1, 3}-path from x to u. Recolorwv with color 2 and recolor xv with
color 1 and color uv with color 3. Then we get an acyclic edge coloring of Gwith k colors too.
(ii) Otherwise, suppose that d(u1) + d(u2) + d(u3) ≤ ∆ + 3 and let di = d(ui), i = 1, 2, 3. By (i), clearly, 3 ≤ di ≤
∆ − 3, i = 1, 2, 3. Let G′ = G − vu1. By the minimality of G, G′ has an acyclic edge coloring φ with colors from L. Assume
that φ(vu2) = 1 and φ(vu3) = 2. If 1, 2 /∈ φ(u1), there exists a color α ∈ L\{1, 2, φ(u1)} and color vu1 with color α and get
an acyclic edge coloring of Gwith colors from L. So we can assume that |φ(u1)∩ {1, 2}| ≥ 1. If |φ(u1)∩ {1, 2}| = 1, without
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loss of generality, assume that 1 ∈ φ(u1). Then there exists a color α ∈ L\{2, φ(u1)} and color vu1 with color α and also get
an acyclic edge coloring of Gwith colors from L. If |φ(u1)∩ {1, 2}| = 2, there exists a color α ∈ L\{φ(u1), φ(u2), φ(u3)} and
color vu1 with color α. Then we can get an acyclic edge coloring of Gwith k colors too.
(iii) Otherwise, suppose that v is adjacent to t 2-vertices and all the neighbors of v are ≤ (∆ + 2 − d)-vertices, where
t ≥ 1. By Lemma 2.1(iii), we can assume that d ≤ ∆ − 1. Suppose that the neighbors of v are {u1, u2, . . . , ud} with
d(ui) = 2, 3 ≤ d(uj) ≤ ∆+2−d, 1 ≤ i ≤ t, t+1 ≤ j ≤ d andw1 is another neighbor of u1 different fromV . LetG′ = G−vu1.
By the minimality of G, G
′
has an acyclic edge coloring φ with colors from L. Assume that φ(vui) = i− 1, i = 2, 3, . . . , d. If
φ(u1w1) ≥ d, then there exists a color α ∈ L\{1, 2, . . . , d− 1, φ(u1w1)} and color vu1 with color α and get an acyclic edge
coloring of Gwith colors from L. So we can assume that φ(u1w1) = j, 1 ≤ j ≤ d− 1. Since d(uj) ≤ ∆+ 2− d, there exists a
color α ∈ L\{1, 2, . . . , d− 1, φ(uj)} and color vu1 with color α. Then we also get an acyclic edge coloring of Gwith k colors.
We can easily know that G is 2-connected and so has minimum degree at least 2. Otherwise, suppose that there exists
a cut-edge e in G. Denote G1,G2 the two subgraphs obtained by deleting e and let e = v1v2. For simplicity, assume that
k = ∆(G) + 1 and L be the color set {1, 2, . . . , k}. By the minimality of G, we know that G1,G2 have an acyclic edge
coloring with colors from L, respectively. Let φ1, φ2 be the acyclic edge coloring of G1,G2 with colors from L. Especially, let
φ1(v1) = {1, 2, . . . , d(v1)−1} and φ2(v2) = {1, 2, . . . , d(v2)−1}. Thenwe can color e using a color α ∈ L\{φ1(v1), φ2(v2)}
and get an acyclic edge coloring of Gwith k colors. 
Claim 2.2. If∆(G) = 3, then G is a 3-regular graph.
Proof. By Lemma2.1(i), Claim2.1(i) and the property thatG hasminimumdegree at least 2, the Claim can be easily obtained.
Then we start to prove (1) of Theorem 1.6. Euler’s formula |V (G)| − |E(G)| + |F(G)| = 2 can be rewritten as∑
v∈V (G)
(2d(v)− 6)+
∑
f∈F(G)
(d(f )− 6) = −12.
We define the initial charge for each x ∈ V (G) ∪ F(G). Let ω(v) = 2d(v) − 6 for each v ∈ V (G) and ω(f ) = d(f ) − 6
for each f ∈ F(G). It follows that the total sum of weights equals to−12. In what follows, we will define discharging rules
and redistribute weights accordingly. Once the discharging is finished, a newweight function ω∗ is produced. However, the
total sum of weights is kept fixed when the discharging is in process. Nevertheless, we can show that ω∗(x) ≥ 0 for all
x ∈ V (G) ∪ F(G). This leads to the following obvious contradiction
0 ≤
∑
x∈V (G)∪F(G)
ω∗(x) =
∑
x∈V (G)∪F(G)
ω(x) = −12 < 0.
and hence demonstrates that no such counterexample can exist. The discharging rules are defined as follows.
(R1.1) From each≥4-vertex to each of its adjacent 2-vertex transfer 1.
Then we prove that ω∗(x) ≥ 0 for each x ∈ V (G) ∪ F(G). If4(G) = 3, by Claim 2.2, G is a 3-regular graph. Then for each
x ∈ V (G)∪ F(G), ω∗(x) = ω(x) ≥ 0. So we only need to consider the case of∆(G) ≥ 4. Let v be any vertex of G. If d(v) = 2,
by Lemma 2.1(i) and 2.1(i), v is adjacent to two≥4-vertices. Thusω∗(v) = ω(v)+1×2 = 0. If d(v) = 3,ω∗(v) = ω(v) = 0.
If d(v) ≥ 4, by Lemma 2.1(iii), v is adjacent to at most (d(v)− 2) 2-vertices. Thus ω∗(v) ≥ ω(v)− 1× (d(v)− 2) ≥ 0. Let
f be any face of G. Then d(f ) ≥ 6 and ω∗(f ) = ω(f ) ≥ 0. Thus w∗(x) ≥ 0 for any x ∈ V (G) ∪ F(G), a contradiction. This
completes the proof. 
Next we prove (2) of Theorem 1.6. Euler’s formula |V (G)| − |E(G)| + |F(G)| = 2 may be rewritten as∑
v∈V (G)
(3d(v)− 10)+
∑
f∈F(G)
(2d(f )− 10) = −20.
Similarly, we define the initial charge for each x ∈ V (G) ∪ F(G). Let ω(v) = 3d(v) − 10 for each v ∈ V (G) and
ω(f ) = 2d(f )− 10 for each f ∈ F(G). Then ∑
x∈V (G)∪F(G)
w(x) = −20 < 0. We define the discharging rules as follows.
(R2.1) From each≥4-vertex to each of its adjacent 2-vertex transfer 2.
(R2.2) From each 5-vertex to each of its adjacent 3-vertex transfer 12 .
(R2.3) From each≥6-vertex to each of its adjacent 3-vertex transfer 1.
(R2.4) From each≥8-vertex to each of its adjacent 6-vertex transfer 1.
(R2.5) From each≥9-vertex to each of its adjacent 5-vertex transfer 32 .
(R2.6) From each≥10-vertex to each of its adjacent 4-vertex transfer 2.
Then we prove that ω∗(x) ≥ 0 for each x ∈ V (G) ∪ F(G). Let v be any vertex of G. If d(v) = 2, by 2.1(i), v is not adjacent
to a 3-vertex. Thusω∗(v) = ω(v)+2×2 = 0. If d(v) = 3, and if v is adjacent to a≤ 4-vertex, by Claim 2.1(ii), v is adjacent
to at least one≥6-vertex. Then ω∗(v) ≥ ω(v)+ 1 = 0; otherwise, ω∗(v) ≥ ω(v)+ 12 × 3 > 0. If d(v) = 4, and if v is not
adjacent to a 2-vertex, then ω∗(v) ≥ ω(v) > 0; otherwise, by Claim 2.1(iii), v is adjacent to at least one ≥10-vertex. Then
ω∗(v) ≥ ω(v)+2−2×2 = 0. If d(v) = 5, and if v is not adjacent to a 2-vertex, thenω∗(v) ≥ ω(v)− 12×5 > 0; otherwise,
by Claim 2.1(iii), v is adjacent to at least one≥9-vertex. Thenω∗(v) ≥ ω(v)+ 32 − 2× 3− 12 = 0. If d(v) = 6, and if v is not
adjacent to a 2-vertex, then ω∗(v) ≥ ω(v)− 1× 6 > 0; otherwise, by Claim 2.1(iii), v is adjacent to at least one≥8-vertex.
Thenω∗(v) ≥ ω(v)+ 1− 2× 4− 1 = 0. If d(v) = 7, and if v is not adjacent to a 2-vertex, thenω∗(v) ≥ ω(v)− 1× 7 > 0;
D. Yu et al. / Theoretical Computer Science 410 (2009) 5196–5200 5199
otherwise, by Claim 2.1(iii), v is adjacent to at least one ≥7-vertex. Then ω∗(v) ≥ ω(v) − 2 × 5 − 1 = 0. If d(v) = 8, by
Lemma 2.1(iii), v is adjacent to atmost six 2-vertices. Thenω∗(v) ≥ ω(v)−2×6−1×2 = 0. If d(v) = 9, by Lemma 2.1(iii),
v is adjacent to at most seven 2-vertices. Then ω∗(v) ≥ ω(v) − 2 × 7 − 32 × 2 = 0. If d(v) ≥ 10, by Lemma 2.1(iii), v is
adjacent to at most (d(v) − 2) 2-vertices. Then ω∗(v) ≥ ω(v) − 2 × (d(v) − 2) − 2 × 2 ≥ 0. Let f be any face of G. Since
d(f ) ≥ 5, ω∗(f ) = ω(f ) ≥ 0.
3. The proof of Theorem 1.7
Suppose that G is a minimum counterexample in terms of the number of edges to Theorem 1.7. Using the similar way as
that used in the proof of Theorem 1.6, it is easy to prove that G is 2-connected and so has minimum degree at least 2. Then
we define the initial charge for each x ∈ V (G) ∪ F(G). Let ω(v) = 2d(v) − 6 for each v ∈ V (G) and ω(f ) = d(f ) − 6 for
each f ∈ F(G). It follows from Euler’s formula |V (G)| − |E(G)| + |F(G)| = 2 that ∑
x∈V (G)∪F(G)
ω(x) = −12 < 0. Then in the
proof of (1)–(4), we use the discharging procedure, leading to a final charge ω∗ ≥ 0 for each x ∈ V (G) ∪ F(G), to get that∑
x∈V (G)∪F(G)
ω(x) = ∑
x∈V (G)∪F(G)
ω∗(x) ≥ 0, and this contradiction will complete the proof.
Before proving (1)–(4), we first give the following Claim.
Claim 3.1. For any vertex v of G,
(i) if d(v) = d ≤ ∆− 1, then v is adjacent to at most (d− 1) 2-vertex.
(ii) if v is a 2-vertex and u1, u2 are neighbors of v, then d(u1)+ d(u2) ≥ ∆+ 2.
Proof. Let k = ∆(G) and L be the color set {1, 2, . . . , k} for simplicity.
(i) Otherwise, suppose that v is adjacent to d 2-vertices u1, u2, . . . , ud and the other neighbor of ui is wi, i = 1, . . . , d.
We will get an acyclic edge coloring of G with k colors. Let G
′ = G − vu1. By the minimality of G, we know that G′ has an
acyclic edge coloring φ with colors from L. If φ(u1w1) 6= φ(vui), i = 1, . . . , d, since d(v) = d ≤ ∆− 1, there exists a color
α ∈ L \ {φ(u1w1), φ(v)}. Color vu1 with the color α and get an acyclic edge coloring of G with k colors. Thus, without loss
of generality, we can assume that φ(u1w1) = φ(vu2). Color vu1 with a color α ∈ L \ {φ(v), φ(u2w2)}. Then we also get an
acyclic edge coloring of Gwith k colors.
(ii) Let d(u1) = d1, d(u2) = d2. Suppose that d1 + d2 < ∆ + 2 and the neighbors of u1 is w1 = v,w2, . . . , wd1 .
Clearly, 2 ≤ d1, d2 ≤ ∆ − 1. Let G′ = G − vu1. Then G′ has an acyclic edge coloring φ with colors from L. If
φ(vu2) 6= φ(u1wi), i = 2, . . . , d1, there exists a color α ∈ L \ {φ(vu1), φ(u1)}. color vu1 with the color α and get an
acyclic edge coloring of G with k colors. Thus, without loss of generality, we can assume that φ(vu2) = φ(u1w2). Color uu1
with a color α ∈ L \ {φ(u1), φ(u2)}. Then we also get an acyclic edge coloring of Gwith k colors.
We begin the proof of (1). Construct a new chargew∗ as follows.
(R1.1) From each≥4-vertex to each of its adjacent 2-vertex transfer 12 .
(R1.2) From each face f to each of its incident 2-vertex v transfer 34 if v is adjacent to another 2-vertex; otherwise, transfer
1.
Then we prove that ω∗(x) ≥ 0 for every x ∈ V (G) ∪ F(G). Let v be any vertex of G. If d(v) = 2, and if v is adjacent
to another 2-vertex, by 3.1(ii), the degree of the other neighbor of v is at least 4. Then ω∗(v) = ω(v) + 12 + 34 × 2 = 0;
otherwise, ω∗(v) ≥ ω(v) + 1 × 2 = 0. If d(v) = 3, ω∗(v) = ω(v) = 0. If d(v) ≥ 4, ω∗(v) ≥ ω(v) − 12d(v) ≥ 0. Let
f be any face of G. Suppose that the number of 2-vertex which is incident with f and is not adjacent to another 2-vertex
is t . Clearly, t ≤ b 12d(f )c. If 2t < d(f ), the number of other 2-vertex incident with f is at most d 23 (d(f ) − 2t − 1)e. Then
ω∗(f ) ≥ ω(f )− t − 34 × d 23 (d(f )− 2t − 1)e ≥ ω(f )− t − 34 × ( 23 (d(f )− 2t − 1)+ 23 ) = ω(f )− 12d(f ) ≥ 0; Otherwise,
ω∗(f ) = ω(f )− 12d(f ) ≥ 0.
To prove (2) new discharging rules are defined as follows.
(R2.1) From each 4-vertex to each of its adjacent 2-vertex transfer 23 .
(R2.2) From each≥5-vertex to each of its adjacent 2-vertex transfer 45 .
(R2.3) From each face to each of its incident 2-vertex transfer 23 .
Then we prove that ω∗(x) ≥ 0 for every x ∈ V (G) ∪ F(G). Let v be any vertex of G. If d(v) = 2, and if v is adjacent to
a 2-vertex, by 3.1(ii), the degree of the other neighbor of v is at least 5. Thus ω∗(v) = ω(v) + 45 + 23 × 2 > 0; Otherwise,
ω∗(v) = ω(v) + 23 + 23 × 2 = 0. If d(v) = 3, ω∗(v) = ω(v) = 0. If d(v) = 4, by 3.1(i), v is adjacent to at most three
2-vertices. Then ω∗(v) ≥ ω(v) − 23 × 3 = 0. If d(v) ≥ 5, ω∗(v) ≥ ω(v) − 45d(v) ≥ 0. Let f be any face of G. Then f is
incident with at most b 23d(f )c 2-vertex. Thus ω∗(f ) ≥ ω(f )− 23b 23d(f )c ≥ 0.
To prove (3) construct a new chargew∗ as follows.
(R3.1) From each 4-vertex to each of its adjacent 2-vertex transfer 23 .
(R3.2) From each≥5-vertex to each of its adjacent 2-vertex transfer 1.
(R3.3) From each face to each of its incident 2-vertex v transfer 12 if v is adjacent to a≤ 4-vertex.
Now we prove that ω∗(x) ≥ 0 for every x ∈ V (G) ∪ F(G). Let v be any vertex of G. If d(v) = 2, and if v is adjacent to a
2-vertex or a 3-vertex, by 3.1(ii), the degree of the other neighbor of v is at least 5. Thus ω∗(v) = ω(v) + 1 + 12 × 2 = 0;
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if v is adjacent to a 4-vertex, then the other neighbor of v is ≥4-vertex. Thus ω∗(v) ≥ ω(v) + 23 × 2 + 12 × 2 > 0; if v is
adjacent to two ≥5-vertex, then ω∗(v) = ω(v) + 1 × 2 = 0. If d(v) = 3, ω∗(v) = ω(v) = 0. If d(v) = 4, by 3.1(i), v is
adjacent to at most three 2-vertices. Then ω∗(v) ≥ ω(v) − 23 × 3 ≥ 0. If d(v) = 5, by 3.1(i), v is adjacent to at most four
2-vertices. Then ω∗(v) ≥ ω(v)− 1× 4 = 0. If d(v) ≥ 6, ω∗(v) ≥ ω(v)− 1× d(v) ≥ 0. Let f be any face of G. If d(f ) ≥ 9,
Then f is incident with at most b 23d(f )c 2-vertices. Thusω∗(f ) ≥ ω(f )− 12 ×b 23d(f )c ≥ 0. If d(f ) = 8, and f is incident with
five 2-vertices, by 3.1(ii), other vertices incident with f are ≥6-vertices, which implies that there exists a 2-vertex whose
neighbors are≥6-vertices. Thus ω∗(f ) ≥ ω(f )− 12 × 4 = 0; otherwise, ω∗(f ) ≥ ω(f )− 12 × 4 = 0.
To prove (4) construct a new chargew∗ as follows.
(R4.1) From each vertex v with degree 4 ≤ d(v) ≤ 11 to each of its adjacent 2-vertex transfer 2d(v)−6d(v)−1 .
(R4.2) From each vertex v with degree d(v) ≥ 12 to each of its adjacent 2-vertex transfer 32 .
(R4.3) From each face to each of its incident 2-vertex transfer 14 if the 2-vertex is adjacent to a≤3-vertex.
Then we prove that ω∗(x) ≥ 0 for every x ∈ V (G) ∪ F(G). Let v be any vertex of G. If d(v) = 2, and if v is adjacent to a
2-vertex, by 3.1(ii), the degree of the other neighbor of v is at least 12. Thus ω∗(v) = ω(v)+ 32 + 14 × 2 = 0; if v is adjacent
to a 3-vertex, by 3.1(ii), the degree of the other neighbor of v is at least 11, then ω∗(v) ≥ ω(v) + 32 + 14 × 2 > 0; if v is
adjacent to a 4-vertex, by 3.1(ii), the degree of the other neighbor of v is at least 10, then ω∗(v) ≥ ω(v)+ 23 + 32 > 0; if the
neighbors of v are ≥5-vertices, then ω∗(v) > ω(v) + 1 × 2 = 0. If d(v) = 3, then ω∗(v) = ω(v) = 0. If 4 ≤ d(v) ≤ 11,
by 3.1(i), v is adjacent to at most (d(v) − 1) 2-vertices. Then ω∗(v) ≥ ω(v) − 2d(v)−6d(v)−1 × (d(v) − 1) = 0. If d(v) ≥ 12,
then ω∗(v) ≥ ω(v) − 32 × d(v) ≥ 0. Let f be any face of G. If d(f ) ≥ 8, f is incident with at most b 23d(f )c 2-vertex. Thus
ω∗(f ) ≥ ω(f )− 14 × b 23d(f )c > 0. If d(f ) = 7, b 23d(f )c = 4, and then ω∗(f ) ≥ ω(f )− 14 × 4 = 0. 
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